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We establish a general propagation model to describe the spin Hall effect of light beam in left- 
handed materials (LHMs). A spin-dependent shift of the beam centroid perpendicular to the refrac- 
tive index gradient for the light beam through an air-LHM interface is demonstrated. For a certain 
circularly polarized component, whether the transverse shift is positive or negative depends on the 
magnitude of the refractive index gradient. Very surprisingly, the spin Hall effect in the LHM is 
unreversed, although the sign of refractive index gradient is reversed. The physics underlying this 
counterintuitive effect is that the spin angular momentum of photons is unreversed. Further, we 
reveal that the angular shift in the LHM is reversed due to the negative diffraction. These findings 
provide alternative evidence for that the linear momentum of photons is reversed, while the spin 
angular momentum is unreversed in the LHM. 

PACS numbers: 42.25.-p, 42.79.-e, 41.20.Jb, 78.20.Ci 



I. INTRODUCTION 

The spin Hall effect of light is the photonic version 
of the spin Hall effect in electronic systems [H, [3, Q , in 
which the spin photons play the role of the spin charges, 
and a refractive index gradient plays the role of the elec- 
tric potential gradient 0, . Such a spatial gradient for 
the refractive index could occur at an interface between 
two materials. The spin Hall effect manifests itself as a 
spin-dependent shift of the beam centroid perpendicular 
to the refractive index gradient when photons passing 
through the interface. For left and right circularly po- 
larized beams, the eigenvalues of the transverse shift are 
the same in magnitude but opposite in direction. In fact, 
the translational inertial spin effect has been predicted 
by Beauregard more than 40 years ago fd\. This effect 
is significantly different from longitudinal Goos-Hanchen 
shift 0] and transverse Imbert-Fedorov shift Q in to- 
tal internal reflection, which are described as evanescent- 
wave penetration. The splitting in the spin Hall effect, 
implied by angular momentum conservation, takes place 
as a result of an effective spin-orbit interaction. In a 
glass-air interface, the spin-dependent transverse shifts 
are just a few tens of nanometers. This is the reason 
why the tiny scale of the effect escaped detection for 
a long time. More recently, the spin Hall effect has 
been detected in experiment via quantum weak measure- 
ments [io|. 

The recent advent of negative-refraction materials pd| , 
also known as left-handed materials (LHMs) [l^l, not 
only opens a new way to generate the magnitude of re- 
fractive index gradient, but also provides an unprece- 
dented reverse of the sign of refractive index at the in- 
terface of an ordinary right-handed material (RHM) and 
a LHM. It is now conceivable that LHMs can be con- 
structed whose permittivity and permeability values may 
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be designed to vary independently and arbitrarily, tak- 
ing negative or near-zero value as desired Hence, 
it is possible for designing a certain refractive index gra- 
dient to modulate the spin Hall effect. The potential 
interests encourage us to explore what would happen to 
the spin Hall effect of light beam in the air-LHM inter- 
face. In the past several years many counterintuitive phe- 
nomena, such as anomalous evanescent-wave amplifica- 
tion unusual photon tunnehng [1^], negative Goos- 
Hanchen shift (l^, reversed Doppler effect |l7l|. and in- 
verted Cherenkov effect [l^ in LHMs have been reported. 
Now a question naturally arise: Whether is the the spin 
Hall effect reversed as expected? In addition, due to the 
different arguments on the direction of linear momentum 
in LHMs [H, [13, HH Ull, the issue of how to describe 
photon momentum is still an open problem. Hence our 
another motivation is to clarify whether the photon mo- 
mentum is reversed in the LHM. In principle, the reflec- 
tion and transmission from the air-LHM interface should 
fulfill the total momentum conservation law. We believe 
that the study of the spin Hall effect may provide insights 
into the fundamental properties of photon momentum in 
the LHMs. 

In this work, we use an air-LHM interface as the re- 
fractive index gradient to explore what would happen to 
the spin Hall effect of light beam. First, starting from the 
representation of a plane- wave angular spectrum, we es- 
tablish a general beam propagation model to describe the 
beam reflection and transmission. Next, we uncover how 
the beam evolves, and how the spin Hall effect affects its 
transverse shifts. It is necessary to consider the spin Hall 
effect in the presence of loss, since the loss is inherent to 
realizable LHMs. For the purpose of comparison, we also 
study the spin Hall effect in the air-RHM interface. Then, 
we examine what roles the magnitude and the sign of the 
refractive index gradient play in the spin Hall effect. Fi- 
nally, we explore whether the spin-dependent transverse 
shift or diffraction-dependent angular shift is reversed. 
The transverse shifts and the angular shifts, governed by 
the total momentum conservation law, provide us a new 



way to clarify the nature of photon momentum in the 
LHMs. 



II. BEAM REFLECTION AND TRANSMISSION 

We begin to estabhsh a general beam propagation 
model for describing light beam reflection and refraction 
from a planar air-LHM interface. Figure [1] illustrates the 
Cartesian coordinate system. The z axis of the labora- 
tory Cartesian frame {x,y,z) is normal to the air-LHM 
interface locate a.t z = 0. We use the coordinate frames 
{xa, VaiZa) for individual beams, where a = i,r,t denotes 
incident, reflected, and transmitted beams, respectively. 
In the paraxial optics, the incident field of an arbitrarily 
polarized beam can be written as 
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Here zr = k^^w^jl is the Rayleigh length and fco = lo/c 
is the wave number in the air. The coefficients a and /3 
satisfy the relation a = i{a(3* — a* (3). The polarization 
operator cr = ±1 corresponds to left- and right-handed 
circularly polarized light, respectively. It is well known 
that circularly polarized Gaussian beam can carry spin 
angular momentum ah per photon due to its polarization 
state [23]. 

We first explore the reflected field, which can be solved 
by employing the Fourier transformations. The complex 
amplitude can be conveniently expressed as 



where krz = y kQ — (fc^x + k^y)- From a mathematical 
point of view, the approximate paraxial expression for 
the field in Eq. ^ can be obtained by the expansion of 
the square root of krz to the first order , which yields 
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The reflected angular spectrum Er{krx, kry) is related to 
the boundary distribution of the electric field by means 
of the relation Q 
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where Tp and are the Fresnel reflection coefficients. 
From the Snell's law, we can get krx = —kix and kry = 
kiy. Combining with boundary condition we get 



Ep oc {aerx + fiery) exp 



ZR{krx + k'fy) 

2hi 



(5) 




FIG. 1: (color online) Geometry of the beam reflection and 
transmission from an air-LHM interface. The reflected and 
transmitted beams will undergo the longitudinal shift, the 
transverse shift, and the angular shift. 



In fact, after the electric field on the plane = is 
known, Eq. ([3]) together with Eqs. ([4]) and (O provides 
the expression of the field in the space > 0: 
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Note that the above expression of reflected field coincides 
with the early results [1^ |2^ for the reflection in 
air-RHM interface, while the reflection coefficients are 
significantly different at the air-LHM interface. Hence 
the spatial profile of the reflected beam is also evidently 
altered. 

We next explore the transmitted field. Similarly, the 
complex amplitude in the LHM can be written as 
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where ktz = — yin?k^ — -f- k^y) and n is the refractive 

index of the LHM. The choice of negative sign of ktz 
ensures that power propagates away from the surface to 
the +z direction In the paraxial approximation, we 
have 
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We note that the field of paraxial beams in LHMs can be 
written in the similar way to that in RHMs, while wave 
vector components undergo the negative refraction. 

The transmitted angular spectrum Et{ktx,kty) in 
Eq. ([8]) is related to the boundary distribution of the 
electric field by means of the relation: 
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where rj — cos0t/ cos 9i, tp and are the Fresnel trans- 
mission coefficients. From the Snell's law under the 
paraxial approximation, kt^. — ki^/rj and kty 
obtain 
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The interesting point we want to stress is that there are 
two different Rayleigh lengths, zrx — nrf'kQw'^/2 and 
ZBy — nkQWQ/2, characterizing the spreading of the beam 
in the direction of x and y axes, respectively [28i |. Sub- 
stituting Eqs. © and (HHI) into Eq. we obtain the 
transmitted field in the space zt > 0: 
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A further important point should be noted is that we 
have introduced negative Rayleigh length or negative 
diffraction. The inherent physics underlying the negative 
diffraction is the angular spectrum components undergo 
a negative phase velocity [2^| . 



III. SPIN HALL EFFECT 

In order to accurately describe the spin Hall effect, the 
issue of loss of the LHM should be involved. Hence a 
certain dispersion relation, such as the Lorentz medium 
model, should be introduced. The constitutive parame- 
ters are 
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To avoid the trouble involving a certain value of fre- 
quency, we assume the material parameters are Ueo — 
^mo = Wo, LOep = LUmp ^ ^o, F ^ 1.52, and 7e = 7„ = 
O.OOlo^o. Note that the Goos-Hanchcn longitudinal shift 
and Imbert-Fedorov transverse shift in such a metamatc- 
rial have received much attentions [30l | . Here we want 
to explore what would happen to the spin Hall effect of 
light beam. 

The intensity distribution of electromagnetic fields is 
closely linked to the Poynting vector [3l| I{xa,ya: Za) oc 
Sa • Baz- Here the Poynting vector is given by Sa oc 
Re[E* X Ha], and the magnetic field can be obtained by 
Ha = -i^"^VxEa. At a ny g iven plane Za — const., the 
beam centroid is given by [2a| (nia) = (a;a)ea:E + {ya)eay, 
where 

^ ^ / / niaI{Xa,ya, Za)dXadya ^^^^ 
J J I{Xa,ya,Za)dXadya 

Because of the spin Hall effect, a linear polarized Gaus- 
sian beam will be divided into two circularly polarized 
components with opposite shifts. 

To illustrate the shifts, we now determine the centroid 
of the refiected beam. Substituting Eq. ^ into Eq. (fT4)) . 
we can obtain the longitudinal and the transverse shifts. 
The longitudinal shift can be written as a sum of two 
terms D!I = Aa;^ 
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In a similar way, the transverse shift can also be divided 
into two terms ~ Ay,. + Syr, we find 
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Here = jr^l exp(i(/)^), A £ {p,s}, a = fp e 
R, P = fsexpiiip), PA = Rc[dlnr A/d9i], and = 
lm[d\nrA/d9i]. From Eqs. ((l5])-((lH]), we can find that 
both the longitudinal shift and the transverse shift can 
be written as a combination of z, -independent term and 
Zr-dependent term. Note that the Zr-independent term 
longitudinal shifts are reversed in the air-LHM interface, 
which coincides well with the early prediction [16]. 

The z^-dependent term can be regarded as a small an- 
gler shift inclining from the axis of beam centroid. The 
corresponding longitudinal and transverse divergence an- 
gles are given by Sxr — ZrA9r 
that 



and Syr — ZrA9ry, such 
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FIG. 2: (color online) The spin Hall effect induces transverse 
shifts for the reflected beam at the interface between air and 
low-refractive index medium, (a), (b) Intensity distribution 
of the (J = +1 and cr = — 1 beams reflected from the air- 
RHM interface, (c), (d) Intensity distribution of the a = +1 
and a = —1 beams reflected from air-LHM interface. The 
incident angle of the beam is choose as 9i = 7r/6. The material 
parameters of LHM are uj = lAUtuo, £ = — l + 0.003i and ^ = 
—0.52 + 0.0024. To generate a reversed sign of refractive index 
gradient, the material parameters of RHM are chosen as e = 
1 + O.OOSi and fi = 0.52 + 0.002j. The intensity distributions 
in the plane Zr = za are plotted in normalized units. 



Here the longitudinal divergence angle is polarization in- 
dependent, while the transverse divergence angle depends 
on the polarization. For a linear or a circularly beam, the 
condition cost/' = is satisfied and the transverse diver- 
gence angle vanishes. 

To illustrate the spin Hall effect, we consider a light 
beam incident from air to a low-refractive-index medium. 
Here the low- refractive-index medium means that the val- 
ues of the indices of the RHM and the LHM are less 
than the index of air. In the case of reflection from the 
air-RHM interface, the left circularly polarized beam un- 
dergos a negative transverse shift, while the right circu- 
larly polarized beam exhibits a positive transverse shift 
[Figs. [IJa) and[51[b)]. Compare to the transverse shifts 
in the air-RHM interface, we easily find that the corre- 
sponding shifts in the air-LHM interface is unreversed 
[Figs, mc) and[2Id)]. The unreversed transverse shifts 
mean that the spin Hall effect in the reflected beam is also 
unreversed. In the absence of loss, the longitudinal shifts 
should vanish since the Fresnel coefficients are real [35| . 
In our case, however, the longitudinal shifts present due 
to the loss inherent in the LHM. Note that the longitu- 
dinal shifts in Fig. [5] is unreversed in the LHM, because 
the unreversed angular shift eliminate the reversed z^- 
independent shift. 



We now discuss the beam centroid of the transmit- 
ted beam. After substituting Eq. pT|) into Eq. p^ . we 
can obtain the longitudinal shift and the transverse shift. 
The longitudinal shift can be written as a sum of two 
terms Di. = Axt 
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In an analogous manner, the transverse shift can also be 
separated into two terms Dy = Ayt + 5yt, and 



1 



fpfs cot ( 



5vt = 



ko \tp['f^ + \ts\^f. 
2r]\tp\\ts\siniip - ipp 

Zt fpfsQtpl'^ - \ts\'^) cot 0iCOS1p 



[{\tp\' + m^)sm^ 



koZRy 



\tpVPp+\ts?f^ 



(23) 
(24) 



Here Ia = exp(i(/3^), qa = Re[91nt^/90i], and C,a = 
lTa[dh\tA/ d6i\. It should be mentioned that 5xt and 
5yt are given by functions of Rayleigh lengths zrx and 
zjiy^ respectively. Hence, the angular shifts are purely 
diffraction effect. 

For the transmitted beam, the longitudinal and the 
transverse divergence angles are given by 5xt — ZtAQtx 
and (5yt = ztAOty, we have 
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In principle, reflection and refraction of waves at the in- 
terface between two homogeneous media is described by 
the Snell's law. However, the angular divergences mean 
that the Snell's law cannot accurately describe such phe- 
nomena [111. Thus, the Snell's law need to be extended 
to include spinning photons. 

In the spin Hall effect of light, the refractive index 
gradient plays the role of the electric potential gradient. 
Hence we attempt to examine what roles the magnitude 
and the sign of the refractive index gradient play in the 
spin Hall effect. We first consider the beam incident from 
air to a low-refractive-index medium. For the left circu- 
larly polarized component cr = -1-1, the transmitted field 
exhibits a negative transverse shift [Figs. [3l[a) andlS^c)]. 
For the right circularly polarized component ct = — 1 , also 
presents a transverse shift, but in the opposite direction 
[Figs. Eljb) and[3jd)]. Very surprisingly, the transverse 
shift caused by the spin Hall effect in the LHM is unre- 
versed, although the sign of refractive index gradient is 
reversed. These results have also been proved by Krowne 
in his interesting work [33]. Furthermore we want to ex- 
plore whether a reversed magnitude of refractive index 
gradient can lead to a reversed spin Hall effect. 
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FIG. 3: (color online) The spin Hall effect induces transverse 
shifts for the transmitted beam from air to low-refractive- 
index medium, (a), (b) Intensity distribution of the transmis- 
sion beam in the RHM for a = 4-1 and a = —1 components, 
respectively, (c), (d) Intensity distribution of the transmit- 
ted beam in the LHM for a — +1 and a = —1 components, 
respectively. The incident angle of the beam is choose as 
Oi — Tv/G. The material parameters are the same as in Fig. [5] 
The intensity distributions in the plane zt — za are plotted 
in normalized units. 



To generate a reversed magnitude of refractive index 
gradient, we next investigate the beam incident from 
air to a high-refractive-index medium. Here the high- 
refractive-index medium means the values of the indices 
of the RHM and the LHM is larger than the index of 
air. For the left circularly polarized component cr = -t-1, 
the transmitted field exhibits a positive transverse shift 
[Figs. IHa) and Hfc)]. For the right circularly polar- 
ized component cr = — 1, however, the transmitted field 
presents a negative transverse shift [Figs.|DJb) andlDJd)]. 
We can find that the transverse shifts in the LHM are 
unreversed, while the angular shifts is reversed because 
of the negative diffraction. Comparing Fig. [3] with Fig. 3] 
shows that whether the spin Hall effect is reversed de- 
pends on the magnitude the refractive index gradient but 
independs on its sign. 

In order to reveal the physics underlying the unre- 
versed spin Hall effect, we focus on the momentum con- 
servation laws which govern the beam reflection and 
transmission. The monochromatic beam can be formu- 
lated as a localized wave packet whose spectrum arbitrar- 
ily narrow (25j . Let ath packet include Na photons, i.e., 
its field energy is Wa = NaUJ. The linear momentum of 
the ath packet is Pa = A/'ak" (we set = c = 1) , and the 
conservation law for the linear momentum can be writ- 
ten as Pl y = p'^ y - 
pI = NihsinOi, pI 



\- Px y For the x component we have 
— Nrkr sin 6r + NrkrA6rx COS 6r, and 



FIG. 4: (color online) The spin Hall effect induces transverse 
shifts for the transmitted beam from air to high-refractive- 
index medium, (a) , (b) Intensity distribution of the transmit- 
ted beam in the RHM for a = +1 and a — —1 components, 
respectively, (c), (d) Intensity distribution of the transmit- 
ted beam in the LHM for a = -1-1 and a = —1 components, 
respectively. The incident angle of the beam is choose as 
9i — 7r/6. To generate a high refractive index, the material pa- 
rameters of LHM are e = -2-|-0.003j and /i = -1.52-|-0.002j. 
For comparison, the material parameters of RHM are choose 
as e = 2 -I- O.OOSi and = 1.52 -I- 0.002i. The intensity distri- 
butions in the plane Zt — zr are plotted in normalized units. 



pI. — Ntkt sinOt + NtktAOtx cos 9t- For the y component 
we get p'y = 0, pI = NrkrA9rx, and p* = NthAOtx- In 
the absence of loss, the total number of photons remain 
unchanged Nr + Nt = Ni. The angular shifts should ful- 
fill conservation law for x and y components of the linear 
momentum: 



- QrAOrx cos 6*,. -|- nQtAOtx cos Ot = 0, (27) 
-QrAOrx + nQtAOty - 0. (28) 

Here Qr = Nr/Ni and Qt — Nt/Ni are the energy re- 
flection and transmission coefficient, respectively. In the 
frame of classic electrodynamics, Qr = /pkpP + /s 
and Qt = nry(/p |tpp -|- jigp)/^, the conservation law, 
Eqs. (|27|) and |28p . still holds true. These results coin- 
cide well with the linear momentum conservation laws in 
RHMs [H, [3^ , although the sign of refractive index is re- 
versed. From the linear momentum conservation law, we 
find that the reversed divergence angles mean the linear 
momentum of photons should be reversed. 

We proceed to consider the total angular momentum 
conservation law. The z component of total angular mo- 
mentum of per one photon can be represented as a sum 
of the extrinsic orbital angular momentum and intrinsic 
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spin angular momentum [25|: 

jtz = - Ay tkt sin Ot 
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The transverse shifts of the wave packet fulfill the con- 
servation law for the total angular momentum [sgL [st! ] : 

Qr{Srz - Ayrkr smOr) + Qt{Stz " Ayth sin 6*4) = Siz- 

(31) 

The z component of the spin angular momenta are given 
by Siz — a cos 9i, Srz — Or cos Or, and Stz = crt cos 9t for 
incident beam, reflected beam, and transmitted beam, 
respectively. The polarization degrees of the reflected 
and the transmitted beams are described by 
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In the regime of partial reflection and transmission, the 
Fresnel coefficients are real (0^ = and LpA = 0). Hence, 
the polarization degree of the transmitted beam should 
be unreversed in the LHM. The physics underlying the 
unreversed spin-dependent transverse shifts is the unre- 
versed spin angular momentum of photons. A further 
point should mentioned that the unreversed angular mo- 
mentum of photons can provide a physical explanation of 
our early prediction: The rotational Doppler effect in the 
LHM is unreversed, although the linear Doppler effect is 
reversed 

To obtain a clear physical picture of the spin Hall ef- 
fect, we attempt to perform analyses on the z component 
of the total angular momentum for each of individual 
photons. The total angular momentum law for single 
photon is given by (39| 



Aytkt sin 9t + Ct cos 9t = cr cos I 
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When the photon incident from air to a low-refractive- 
index medium, the incident angle is less than the re- 
fractive angle di < \9t\. The linear polarized beam can 
be represented as a superposition of equal a — +1 and 
CT = — 1 photons. For the a = +1 photons, the z com- 
ponent of spin angular momentum at cos Ot {at > 0) de- 
creases after entering the medium. Because of the con- 
servation law, the total angular momentum must remain 
unchanged. To conserve the total angular momentum, 
the photon must move to the direction — y {Ayt < 0) 
[Fig. ^a,) and EIc)]. For the a — ~1 photons, the z 
component of spin angular momentum at cos 9t {at < 0) 
increases. As the result, the photons must move to the 
direction +y {Ayt > 0) [Fig. ^h) and [^d)]. When 
the beam incident from air to a high-refractive-index 
medium, the incident angle is less than the refractive 
angle O.^ > \9t\. The spin Hall effect exhibit a reversed 
version as shown in Fig. [H This gives a simple way to 



understand how the light exhibits a spin Hall effect and 
why the spin Hall effect is unreversed in the LHM. 

For the spin Hall effect of light, precise characteriza- 
tion requires measurement sensitivities at the angstrom 
level [iO|. However, direct observation of the spin Hall 
effect is still remain an open challenge in condensed mat- 
ter physics [U, H, 0| and high-energy physics [13, EH . Be- 
cause of the close similarity in condensed matter, high- 
energy physics, and optics, the spin Hall effect of light 
will provide indirect evidence in a diversity of physical 
systems In general, introducing the spin Hall ef- 

fect into contemporary photonics and nano-optics may 
result in the development of a promising new area of 
research — spinoptics. Recently, the technique of trans- 
formation optics has emerged as a means of designing 
metamaterials that can bring about unprecedented con- 
trol of electromagnetic fields [l^. It is possible that the 
paths of different circularly polarized components can be 
controlled by introducing a prescribed spatial variation 
in the constitutive parameters. Hence, the metamaterial 
is a good candidate to amplify the spin Hall effect. 



IV. CONCLUSIONS 

In conclusion, wc have established a general propaga- 
tion model to describe the spin Hall effect of light beam in 
the LHM. The spin-dependent transverse shift of beam 
centroid perpendicular to the refractive index gradient 
for the light beam through an air-LHM interface have 
been demonstrated. For a certain circularly polarized 
component, whether the transverse shift is positive or 
negative depends on the magnitude the refractive index 
gradient. We have revealed that the spin Hall effect in 
the LHM is unreversed, although the sign of refractive 
index gradient is reversed. The physics underlying the 
unreversed spin Hall effect is the unreversed spin angular 
momentum of photons. We have found that the angu- 
lar shifts in the LHM possesses a reversed version. The 
inherent secret of this intriguing effect is the negative 
diffraction. In the absence of loss, the angular shifts sat- 
isfy the total linear momentum conservation law, and the 
transverse shifts fulfill the total angular momentum con- 
servation law. The study of the spin Hall effect will make 
a useful contribution to clarify the nature of photons in 
the LHM. Our results provide further evidence for that 
the linear momentum of photons is reversed, while the 
spin angular momentum is unreversed in the LHM. 
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